The thermodynamic stability of large AdS 3 black holes implies that Cardy's ∆ → ∞ formula for the density of states remains approximately valid when ∆ ∼ c in holographic 2d CFTs, constraining their light spectra. Averaged OPE coefficients take a similarly universal asymptotic form, and black hole arguments again imply an extended regime of validity. In this note we study conditions under which the OPE asymptotics extend to ∆ ∼ c at large central charge. Some of the conditions found are stronger than required by an extended Cardy regime and are violated by permutation orbifolds, such as the D1-D5 system at zero coupling. Our results suggest new bounds on non-vacuum block contributions to correlation functions in holographic CFTs.
Introduction
Holography implies many phenomena that are non-generic in the space of conformal field theories. A prime example in two dimensions is the extended regime of validity of Cardy's formula [1] : modular invariance determines a universal form for the entropy as ∆ → ∞, but the thermodynamic stability of large AdS 3 black holes implies that this form remains valid for all ∆ > c/6 if the theory has a semiclassical bulk dual. On the field theory side this phenomenon was explained by Hartman, Keller and Stoica (HKS) [2] : a more refined modular invariance argument shows that Cardy's formula extends to all such ∆ in any CFT with large c and sufficiently sparse light spectrum.
However, the bulk does not just count states. Modular properties constrain other asymptotic CFT data to similarly universal forms, including the averaged OPE coefficients C 2 ijk in the limit where at least one of the dimensions ∆ i , ∆ j , ∆ k → ∞. This data involves black holes in the bulk, and holographic reasoning may again suggest an extended regime of validity. In this note we study the conditions under which these formulas (and others) extend to the regime where at least one of the operators has ∆ > c/6 by adapting the techniques of [2] to the quantities that encode their asymptotics. and the average is taken over all states with dimension ∆ H . 1 We will find that (1.1) remains valid for ∆ > c/6 if ρ(∆) e π∆ when ∆ < c/12 + , a condition that is violated by all permutation orbifolds including the free D1-D5 CFT. This quantity is captured by some bulk process but a precise argument has not been made, and it is unclear if this condition is implied by holography. However there is a sharp bulk argument that (1.2) remains valid in the same regime, and we show that under some mild additional assumptions (stated in footnote 3) the weaker HKS sparseness condition ρ(∆) e 2π∆ suffices. These conditions also guarantee that asymptotic formulas for C HHL and the density of primary states remain valid in the extended regime. We discuss conditions under which (1.3) might extend as well in section 4.1.
The rest of this note is organized as follows. In section 2 we adapt the approach of HKS to modular covariant quantities. In section 3 we review the derivations of the asymptotic expressions for C 2 HLL , C 2 HHL , C HHL and the density of primary states, and find conditions under which their regimes of validity extend to all ∆ H > c/6. In section 4 we discuss obstacles to extending formulas for C 2 HHH and averages of C 2 ijk over primaries. The pieces come together for a discussion of vacuum block dominance, section 5. Results for averages over all operators with fixed dimension and spin can be found in the appendix, where polynomial prefactors are also kept.
The HKS argument [2] uses modular invariance to show that Cardy's formula for the density of states as ∆ → ∞ remains valid for all ∆ > c/6 in large c CFTs with a sufficiently sparse light spectrum. The objects that encode the asymptotics of OPE coefficients are instead modular covariant, so a generalization of their argument will be needed.
Suppose we have a quantity X(β) of the form X(β) = where C ∆ is the average of the C i over all states with dimension ∆ and C i > 0. We assume unitarity, a unique vacuum state with C vac = 1 and a gap. If C = 1 and c 0 = c/12
then X = Z(β), the torus partition function. It will be useful to introduce a spectral representation for X:
Let us further assume that X transforms with weight w under the S-transformation
Modular invariant quantities such as the partition function of course have w = 0.
Modular covariance can be used to show that X is approximated by its contribution from appropriately defined light states. The argument essentially follows [2] . First one splits X up into contributions from light and heavy states
If β > 2π then X H is bounded by X H :
Following [2] , one can manipulate (2.6) and (2.7) into a bound on X in terms of X L : 8) which is the result of [2] when α = 1.
X will be approximated by its contribution from light states when β > 2π if
for the quantities we study. The approximation breaks down when
i.e. when the exponent gets very close to zero. Whether or not it breaks down depends on the sign of w: the first term in the exponent is always negative for β > 2π, but the sign of the second depends on w. If w > 0 both terms are negative, so log X ≈ log X L when β > 2π.
If w < 0 the exponent crosses zero as β goes from ∞ to 2π, at which point the upper bound becomes trivial. There are two cases: if w is negative and O(1) then must be adjusted to satisfy (2.9) for all β > 2π, but can remain O(1). This value of is small compared to c 0 ∼ c when c is large. However, if w is negative and grows with c, then we must either let grow with c in order to satisfy (2.9) (i.e. include "heavy" states in X L ) or fix the definition of X L , in which case X ≈ X L will no longer hold over a range of β > 2π that grows with c.
Accordingly we limit ourselves to X which have w > M for some O(1) M < 0.
We will study the asymptotic behavior of the spectral density Y (∆) in (2.3) with c 0 ∼ c.
There are multiple asymptotic limits: ∆ can be taken larger than any other parameter in the problem, or taken to infinity with ∆/c fixed. Assuming the existence of a thermodynamic description the integral can be approximated via saddle point in either limit. When ∆ is taken larger than any other parameter the saddle is at β → 0 since X(β → 0) ∼ e β , while the saddle may be at nonzero β if ∆/c is held fixed.
First take ∆ → ∞ while keeping everything else fixed:
We write a ≈ b to denote that the two quantities have the same leading exponential behavior in the indicated limit, i.e.
log a log b → 1. If X has an expansion of the form (2.1) then it is dominated by the ∆ = 0 term in the limit β → ∞:
and so
Evaluating the integral then gives an approximate asymptotic formula for Y (∆). For example, if X is the torus partition function one obtains the Cardy formula
The latter expression can either be obtained via direct saddle analysis or by recognizing the integral as proportionate to the modified Bessel function I ν (z), with argument z ∼ √ c∆,
and expanding the Bessel function at large argument. Now consider taking c → ∞ with ∆/c fixed. In this limit the inverse Laplace transform (2.3) may be dominated by a saddle point at finite β. As long as the saddle is at β > 2π we can substitute X ≈ X L in (2.3), but in general X L is not universal: it could depend on all the light data of the theory. However, if X L ≈ X vac in the limit, the asymptotic formula for Y (∆ → ∞) will have an extended regime of validity:
for all ∆ such that the saddle is at β > 2π.
Suppose we have a bulk argument that the asymptotic formula for Y remains valid in the extended regime, for example the existence of thermodynamically stable black holes with ∆ > c/6 whose entropy is still given by (2.13) [8] . Any CFT with a semiclassical bulk dual must then have X L ≈ X vac at leading order. This in turn leads to a set of constraints on the In studying C 2 HHL and C HHL we will encounter quantities for which C has indefinite sign, so this approach will not work. In those cases we will use the results of [9] , which takes a different approach to show that X ≈ X L when β > 2π under certain additional assumptions. The plane four-point function encodes [3] the ∆ H → ∞ limit of C 2 HLL via the "pillow" representation of [10] , where the four-point function is transformed to a new conformal frame in which the operators are located at the corners of a pillow, P = T 2 /Z 2 . Taking all four operators to be identical, the relation between plane and pillow correlators is
where q and z are related via q = e iπτ , τ = iK(1 − z)/K(z) with K the elliptic integral of the first kind. The functions Λ(q) = θ 3 (q)
−2h O account for the conformal transformation of the operators, the Weyl anomaly and the need to properly define the operators at singular points of the transformation.
The pillow four-point function can be expressed in Boltzmann sum form by using the Hamiltonian to evolve the operators by πτ :
We will take τ =τ = iβ 2π
, deferring unequal temperatures to the appendix. The transformation of g under β → β , i.e. τ → −1/τ , is determined by crossing symmetry: z → 1 − z on the plane is modular symmetry τ → −1/τ on the pillow. The properties of Λ imply
Inserting a complete set of states,
The factor 16 ∆ arises from the difference between plane and pillow OPE coefficients: the former multiply the terms in a z expansion while the latter are defined by an expansion in
. The C OOi above are the OPE coefficients on the plane.
g takes the form of X from section 2 with w = c/2 − 8∆ O . The corresponding spectral
This determines the asymptotic OPE density:
which has a saddle at β = as above, so
and
This is the result of [3] for the squared OPE coefficient averaged over primaries but with c − 1 → c, as expected for a quantity averaged over all states instead.
There is a bulk argument for this scaling [3] but its status is unclear. However, the fact that there are robust bulk arguments for both C 2 HHL and ρ(∆ H ) is suggestive that one should exist, perhaps a 2 → 2 scattering process of light particles in the bulk projected onto an intermediate black hole state, whose amplitude is proportionate to C 2 HLL . As the mass of the intermediate black hole is taken to infinity the OPE coefficient approaches its asymptotic regime of validity, and unless the relevant physics changes significantly as the black hole goes from ∆ ∼ c/6 to ∆ c the asymptotic formula should extend. If this is correct then holographic field theories will be constrained to satisfy (3.8), but in the absence of a robust bulk argument this is just a conjectural constraint.
Deriving the conditions under which (3.8) has such an extended regime of validity is straightforward. g transforms with w = c/2 − 8∆ O , so g ≈ g L at large c when β > 2π provided ∆ O < c/16, which we assume. In this case g ≈ g vac for all β > 2π provided
for all ∆ ≤ c/12 + . Since the light OPE coefficients are polynomial in c in large c CFTs, this is essentially just a condition on the density of states, which is stronger than the HKS sparseness condition and excludes all permutation orbifolds [2, [11] [12] [13] . If this condition is obeyed, (3.8) remains valid for all such O when ∆ > c/6.
C 2 HHL : torus two-point function
The torus two-point function can be used to extract data on the asymptotics of heavy-heavylight OPE coefficients [4] . The starting point is the thermal autocorrelation function of a scalar on a spatial circle of length L:
In the β → ∞ limit, the leading term is given by
while the high temperature limit follows from a modular transformation,
We will take L = 2π. Writing the torus two-point function as a sum over states,
where the spectral density is
As ∆ → ∞ with ω fixed, the integral will be dominated by its contribution from β → 0.
Using (3.12) and following the computation in [4] ,
Here ∆ avg = ∆ + ω/2 and the exponential factor is the Cardy density of states. Since
This expression for the OPE density has a simple bulk interpretation [4] . For ∆, ∆ > c 6 , C 2 ∆O∆ is the probability for a transition between black hole microstates while emitting a scalar. The probability of transitioning between any two microstates and emitting a scalar is just the emission probability, so the typical probability of transitioning into a particular microstate and emitting a scalar is e −S times the emission probability. Since the Γ function factors in (3.18) give precisely the probability of emission from a BTZ black hole as computed from the quasinormal modes [14] the bulk calculation matches the asymptotics (3.18) exactly.
The existence of a gravity argument for (3.18) implies that it has an extended regime of validity in holographic CFTs, but the phases in (3.13) spoil the positivity property necessary for the argument of section 2. However, one can derive the extended regime using the results of [9] . Consider the Witten diagram calculation of the CFT two-point function at β > 2π.
The dominant geometry will be thermal AdS so long as O not too heavy (we can take it to be at most "hefty", i.e. with ∆ O εc with ε 1). At leading order in 1/c the Witten diagrams that contribute correspond to free propagation between the two boundary points, winding the thermal circle an arbitrary number of times [15] :
At large but finite c bulk interactions dress the propagator and in principle we must sum over all intermediate states -including virtual black holes -but when β > 2π in HKS-sparse large c CFTs (with the mild additional assumptions stated above in footnote 3) heavy intermediate states do not contribute [9] . Since perturbative bulk interactions are sub-exponential in c, (3.18) continues to give the leading exponential behavior:
Eq. (2.14) therefore implies that (3.18) remains valid for all ∆, ∆ > c/6: at finite β > 2π, the spectral density is
where
This implies that (3.18) continues to hold for ∆, ∆ > c/6 whenever the CFT is HKS-sparse and obeys the mild additional assumptions of [9] . The δ function reflects the integer-spaced spectrum of a free bulk field.
C HHL : torus one-point function
Next we consider C HHL averaged over H, which is encoded by the torus one-point function of a primary scalar O [6] . To recap, one writes this as a sum over states:
The S-transform of O β is
As usual, the ∆ H → ∞ asymptotics can be extracted (after a modular transformation) via inverse Laplace transformation of the zero-temperature result
where χ is the lightest operator with χ| O |χ = 0. The modular property implies that
This leads to an asymptotic expression for the average OPE coefficient [6] ,
If we take c large with ∆ χ fixed As in section 3.2, one cannot simply run the modified HKS argument to demonstrate extended validity since the C ∆O∆ are not necessarily positive. However the arguments of [9] again allow us to proceed. Under the same assumptions that lead to (3.20) , the leading exponential behavior of O β is determined by a sum over light states when β > 2π, so (3.31)
will continue to hold for all ∆ > c/6 provided
for all β > 2π. This requires
+ . This is the same condition that recently appeared in [16] . Since (3.31)
is demanded by the bulk this seems to be a constraint on holographic theories, but it is not appreciably stronger than the HKS condition: the ratio of OPE coefficients does not change the leading exponential behavior, and since the bulk argument assumes ∆ χ c the shift in the exponent is small.
The expression (3.31) is not universal -it depends on the operator content and OPE coefficients -but can be combined with (3.18) to obtain a bound on C χOχ that depends only on ∆ O and ∆ χ [4] . However, if the C 2 ijk do not vary wildly across heavy states with fixed energy, their square root should approximate the average of the unsquared coefficients, C ijk . This is expected to be true in any chaotic theory. It is the average unsquared coefficients that appear in the discussion of vacuum block dominance in section 5, but we will assume that the average squared is approximated by the average of the squares and use the universal expression (3.18) in that discussion. Using (3.31) instead does not substantively change the analysis.
Density of primary states
The asymptotic expression [6] for the density of primary states extends down to ∆ > c/6
under the ordinary HKS sparseness condition. One starts from the character decomposition of the partition function:
where we used χ h =0 (q) =
and took τ =τ = iβ 2π
. Inverting,
(3.36)
as β → 0. Therefore [6] 
c−1
which is the Cardy formula with c → c − 1.
The shift c → c − 1 can be understood in the bulk as arising from the Casimir energy of boundary gravitons [17] . Since we are resumming descendants in the bulk the resulting black hole entropy counts the number of primaries on the CFT side, so we expect that (3.37)
remains valid in the extended regime. Assuming HKS sparseness at large c we still have
, but the η functions cannot be approximated by their asymptotic form and a bit more work is needed. The key step is the pentagonal number theorem, = 2π
and I 0 is a modified Bessel function.
The behavior of Q(k, k ) is approximately constant over three regions of the k, k plane: 0) , and since the number of k, k in this region grows sub-exponentially with c the contribution of this entire region is ≈ Q(0, 0).
where N is an O(1) number.
becomes an ordinary Bessel function since
k, k is also subleading:
Using the asymptotic behavior of I 0 we then have 
Further remarks
This section is more technical and less conclusive than the rest of the paper, but will be useful for the discussion of vacuum block dominance in section 5.
C 2 HHH : genus two partition function
The asymptotic form of C 2 HHH was obtained in [5] by studying appropriate twist correlation functions on the plane:
Focusing for simplicity on the case of equal dimensions ∆ H , the asymptotics can be extracted from the OPE singularities of (4.1) with m = 2, n = 3, or with m = 3, n = 2 and a Z 3 symmetry relating the (u k , v k ). Each of these correlation functions corresponds to the partition function on a Z 3 -symmetric genus two Riemann surface in a particular conformal frame, with an explicit formula relating Z 2,3 to Z 3,2 given in [5] . We will focus on Z 3 -symmetric twist-2 six point functions, taking
The parameter θ is related to the cross-ratio of the twist-2 four point function via z = cos
The Z 3 symmetry reduces the three moduli of the g = 2 surface to a single modulus τ , in terms of which the period matrix is [18] HHH is to use the twist OPE:
where the O m are untwisted operators in the orbifold CFT,
Twist OPE coefficients are related to plane correlation functions by the appropriate conformal transformation [19] . For primary m, C σσm (ij) ∝ δ ij and so their contribution to (4.1) is proportionate to the square of their OPE coefficients with the operators coming from the other two twist OPEs. For descendants the OPE coefficients will mix states within each conformal family, but since their contributions are determined kinematically from the primary ones they can be collected into blocks:
where as usual a spectral representation
was introduced.
In [5] the blocks F g=2 are computed at large c (so that the monodromy method can be used) with h c (so that the monodromy equation can be solved, via WKB approximation).
Referring to [5] for the details, one can take θ → 0 and invert (4.6) to obtain
No bulk argument for (4.8) has been proposed, nor have we come up with one. We have no reason to expect it to hold as c → ∞ with h/c fixed. However the computation has the same flavor as those in section 3 and it is natural to ask if the same methods can be applied here. Unfortunately, one quickly runs into a series of obstacles, each interesting but unsurmounted, and ultimately we will only be able to give a rough argument.
Extending the computation of [5] to h ∼ O(c) requires knowledge of the blocks in that limit, where the WKB approximation breaks down. One obtains a differential equation of Heun type for the accessory function. This is analogous to (but harder than) the unsolved problem of obtaining a closed-form expression for the blocks on the plane when h ∼ O(c).
The blocks make no appearance if we choose not to resum the contributions to Z 3,2 from each conformal family, but then the correlator (4.1) does not take the form of a sum over squared OPE coefficients since the descendant OPE coefficients mix states within conformal families. As a last resort we can consider the genus two partition function in the plumbing frame (reviewed in [5, 20] ) in which the surface is represented by two spheres connected by three cylinders of equal height and unit radius, which are glued to the spheres at 0, 1, ∞.
Inserting complete sets of states at 0, 1, ∞ on one of the spheres,
Unfortunately, the relationship between and τ is not clear [18] . Furthermore, the action of τ → −1/τ on this partition function is not known: no closed form expression is available for the conformal anomaly relating the partition functions in the plumbing and twist operator frames (though it has been obtained in a cross-ratio expansion [21] ). However, we can make some educated guesses and see how far they take us.
First we conjecture that = β/2, where τ = iβ 2π
. This can be motivated by thinking about the plumbing construction of the torus: traversing one of the bridges only takes you halfway around the loop. Second we conjecture that the partition function transforms as a modular form with non-negative weight. This is true of the genus 2 partition function in other conformal frames [22] [23] [24] , including the twist frame. Under these assumptions one can rederive (4.8) using the plumbing frame:
and the OPE coefficient is averaged over all states with dimensions ∆ 1 , ∆ 2 and ∆ 3 . We also have
(4.12)
Changing variables to
(E−c/4) (4.13)
multiplicative factor. This leads to an asymptotic expression for the OPE density:
(4.14)
Evaluating on the saddle, one finds
When ∆ ∼ O(c) the saddle point is at finite β and we must proceed as in section 2. The argument of that section is readily extended to triple sums to show that
when β > 2π, where the quantity on the RHS contains the contributions of states i, j, k with at least one of ∆ i , ∆ j , ∆ k ≤ c/12+ . Next we ask when Z g=2,plumb,L (β > 2π) ≈ Z g=2,plumb,vac .
There are three types of contributions to Z g=2,plumb,L : from three light operators, from two light operators and one heavy, and from one light and two heavy. If we assume that ρ(∆) e π∆ then we can use (1.1) and (1.2) to conclude that the HLL and HHL contributions do not affect the leading exponential behavior. However, the LLL OPE coefficients grow exponentially when the light operators are multitraces. Counting contractions and using Stirling's formula, the most dangerous kind take the form [25] 7
where ∆ = (
The largest contribution comes from multitraces composed of the lightest non-identity operator in the theory, with dimension ∆ min , and so It is intriguing that one can recover (4.8) and extend its regime of validity by making two plausible conjectures, but the argument is neither rigorous nor motivated by the bulk.
Averages over primary states
We showed in section 2 that the expression (3.37) for the density of primary states has an extended regime of validity in sparse theories at large c, as implied by the bulk. One might expect a similar story for the averaged primary OPE coefficients, but the unknown structure of the conformal blocks when ∆ ∼ c prevents an analysis along the lines of section 2. As an example consider the pillow four-point function, with the contributions from each conformal 7 There are also multitrace contributions of the form C :trφ K 1 : :trφ K 2 : :trφ K 3 : but the same counting argument shows that these are O(1).
family collected into blocks [10] : 19) where the conformal blocks are
and the H(h, q) are the standard Zamolodchikov H-functions, which can be computed recursively [26, 27] . Since H(h → ∞, q) ≈ 1, eq. (4.19) expresses g(β → 0) as a Laplace transform.
This can be inverted to obtain K p (∆ → ∞) and thus an expression for the averaged primary
which is the result (3.8) for the average over all states with c → c − 1. Since
as h,h → ∞, the 16 −∆ just reflects the convergence of the OPE.
When h ∼ c it is no longer true that H(h, q) ≈ 1, so (4.19) is not a Laplace transform unless the H function exponentiates, i.e. H(h, q) ≈ q ah for some a. If this is the case then one can again invert to obtain (4.21) for all ∆ > c/6 under the conditions of section 3.1. We expect this to be true, and preliminary numerics [28] suggest that this is indeed the case, but the lack of a closed form expression prevents us from saying more.
The situation is similar for C 2 HHL and C HHL : when the sums over states are collected into sums over primaries, the integrals over the corresponding spectral densities only take the form of a Laplace transform if the torus blocks exponentiate when h ∼ c. The necessary analysis is left for future work.
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Gauge-gravity duality suggests that heavy-light correlation functions are well-approximated by the contribution from the vacuum Virasoro block in holographic CFTs:
8 the entanglement entropy thus computed agrees with the RT formula [29] , while in the chaos regime the vacuum block exhibits the Lyapunov behavior of particles near the horizon [30, 31] . This is closely connected to the eigenstate thermalization hypothesis, since the vacuum block contribution matches the thermal expectation value at the appropriate temperature [32] .
The original motivation for this work was to find a set of conditions on large c CFTs under which the vacuum block dominates these correlation functions. While we cannot fully answer this question, in this section we outline progress that can be made using the results above and highlight the missing ingredients. Restricting to Euclidean four-point functions for simplicity, the correlator can be expanded as
where z ≡ 1 − z. The average is over all primaries with weights (h p ,h p ) and we take
. The sum can be split into three regions:
Region II: h p and/orh p ∼ c but neither c
Region III: h p and/orh p c.
2)
The basic ingredients are the OPE density and conformal blocks in each region.
The blocks are known in regions I [33] and III [34] but must be computed recursively in most of region II [26, 27, 32] . Meanwhile, the OPE coefficients are C LL(hp,hp) C HH(hp,hp) , which we have not found tools to study directly. We will have to make some assumptions.
Under the assumption that the OPE coefficients are not wildly varying, and that the light and heavy factors are statistically independent, we can approximate
Next we assume that the ∆ > c/6 OPE coefficients averaged over all primaries take the form of the corresponding OPE coefficients averaged over all states with the replacement c → c − 1, as we showed for the ∆ > c/6 density of primaries. We also assume that O H is typical in the sense that C The contribution of region I is
This will be approximated by the vacuum block if the sum inside the brackets is much smaller than 1. In this region the blocks globalize, eq. (3.29) of [33] . From that expression it follows that F hp Fvac ≈ 1 at fixed z. As for the OPE density, the light-light-light coefficients are at most polynomial in c, while under our assumptions
Thus we conclude that the vacuum block gives the leading exponential behavior in region I.
The contribution from very heavy intermediate states (region III) can be estimated without our results. Under the assumptions above, when h p orh p c the OPE density is
while the block scales as
Their product must be summed over all ∆ p in region III:
Here ∆ III min c is the smallest operator dimension in region III. This contribution is therefore exponentially smaller than the vacuum block contribution unless q → 1, i.e. z → 0 or ∞.
It is much more difficult to bound the contribution of region II, where the blocks must be computed recursively. Under our assumptions, when ∆ p > c/6 we have C LL(hp,hp) ≈ e −S BH (∆p)/4 , but our expression for C HH(hp,hp) is only conjectural. If the conjectured form is correct the OPE density in this region is roughly O(1), so the contribution from states in region II with ∆ p > c/6 will be subleading when the blocks provide exponential suppression.
When ∆ p < c/6 we have no estimate for the OPE density.
We must also consider the crossover between the regions. Between regions I and II there are "hefty" operators, which have ∆ p = εc with ε 1. The conformal block for hefty exchange is [32] 
to leading order in ε, where
is the ρ variable of the bootstrap literature [35] . The contribution from hefty intermediate states scales like
and so is subleading to the vacuum block. However the crossover between regions II and III is murky since a closed-form expression for the blocks is not known.
A more complete study of vacuum block dominance would require careful examination of the validity of the assumptions above, (1.3) in the extended regime, the OPE density when ∆ c/6 and the blocks when ∆ ∼ c. All this is left for future work. 
Under τ → −1/τ this transforms as
where q = e −iπ/τ .
At high temperatures,
This determines the asymptotic OPE density: . Expanding the Bessel function at large argument,
By the logic in section 2, combined with the two-temperature argument from section 3.1 of [2] , this expression remains valid for all h,h > c/12 when ρ(∆) e π∆ .
C 2 HHL : torus two-point function
Next we generalize the analysis of [4] to obtain asymptotic results for C where z = t − x andz = t + x. In the zero temperature limit, X(β → ∞,β → ∞, z,z) ≈ e πcβ 12L e πcβ 12L
(−1)
The high-temperature two-point function is X(β → 0,β → 0, z,z) ≈ e This agrees with the bulk analysis of emission from a spinning BTZ black hole [14] .
If O is light one can apply the logic of section 3.2 to obtain the two point function at (β,β) > 2π: under the assumptions of [9] , the leading form of the two point function is the thermal AdS boundary-to-boundary propagator [15] X(β > 2π,β > 2π, z,z) ≈ e C HHL : torus one-point function
Finally we generalize the analysis of [6] to obtain asymptotic results for C 
